The deployment of MicroElectroMechanical System (MEMS) cantilever in the electronic systems is continuously increasing. These devices are usually interfaced with electronic circuits. It is important to build its macro model for rapid system design and simulation. This paper proposes development of an electromechanical coupling macro model of electrostatically actuated MEMS cantilever for straight and curled beam configurations. It consists of linear electrical components and nonlinear dependent sources, which represent mechanical parameters and electromechanical coupling in the system. In order to model device mechanics, analytical formulations are done and calculations are adapted to macro model. A methodology to derive electromechanical coupling as a function of bias voltage is developed. This electrical model is capable of predicting the device characteristic behaviour before the onset of pull-in instability region and estimates pull-in voltage. Such macro model can be easily implemented in any circuit simulation platform and be used to demonstrate the possible advantage of using this scheme for device and system dynamics optimization. To arrive at equivalence, an analytical formulation for spring constant and pull-in voltage of cantilever based on the partial load distribution and curling is derived. It utilizes the methodology based on nonlinear electrostatic pressure approximated by its linearized uniform counterpart and mechanical force-deflection model. An electrical characterization of fabricated MEMS cantilever is done to obtain the experimental value of pull-in voltage. Simulation Program with Integrated Circuit Emphasis (SPICE) simulations results for the developed model is obtained for actual device dimensions and is in good agreement with analytical and experimental results.
I. INTRODUCTION
Microelectromechanical systems (MEMS) has revolutionized the sensor industry by combining silicon-based microelectronics with micromachining technology. Microcantilevers form a major device clan for its use as sensors and also as actuators. The application field of electrostatic MEMS cantilevers has widened covering multidisciplinary areas like Pixelled antenna [1] , MEMS tunable filter [2] , aerospace microsystems [3] , biomedical systems like automatic DNA samplers [4] , video display projectors like Digital Light Processor (DLP), etc. Its increasing deployment in The associate editor coordinating the review of this manuscript and approving it for publication was Hassen Ouakad .
such sophisticated systems has led to immediate need for consideration of entire MEMS at higher abstraction levels such as schematic and system ones. At these levels, a low-order behavioural representation of the MEMS devices known as macro models can be utilized. For many applications, it is convenient to build macro models by equivalent circuit representation approach [5] , [6] . We will utilise the same in our analysis.
The equivalent circuit representation approach benefits from lower computation time and explicit physical realization and analyses of systems consisting of complex structural components and coupled subsystems. It also provides an approach to gain the acumen of the dynamic behaviour of the system [7] . When we establish the equivalent circuit representation, we can utilize the circuit simulators, like SPICE for simulation of circuits based on the micro-cantilevers.
The currently available techniques include the multiphysics computer-aided design (CAD) tools [8] , experimental observations and analytical calculations. The CAD tools are largely based on the finite element method to simulate the mechanical behaviour and function at device or component level as a function of electrical stimuli. An electrical circuit simulator acts as multi-physics platform to simulate behavior of MEMS actuator or sensor by utilizing lumped/ distributed element modelling in single electrical domain [9] .
In the lumped element model, the mass, compliance, capacitance, etc. can be easily recognized at individual points and have finite degree of freedom whereas, in distributed element model, it is continuously distributed throughout the system and has infinite degree of freedom. The distributed parameter system is a lumped parameter system with an infinite number of mechanical ports, one for each mode of vibration [10] . In the resonance mode, the equivalent circuit of the distributed parameter system can be approximated by a circuit representing a single-degree-of-freedom lumped parameter system. Thus, we conclude that the distributed element model is a complex version of the lumped element model with a refinement of results obtained with it. In this work, we focus on the static mode of operation of the device, hence the lumped parameter modelling is utilized to simulate the behavior of MEMS actuator/sensor. The developed electrical model should capture the characteristic phenomenon inherited by the devices. In this paper, we deal with electrostatically actuated MEMS cantilevers, which offers quick response, lower power consumption, simplicity of design, fabrication and integration with the integrated circuit process. However, the major setback affecting the system performance is Pull-in instability [11] , which is an inherent characteristic of MEMS electrostatically actuated devices. This is because of the rapid increase in the nonlinear electrostatic force than linear restoring force resulting in collapse of the cantilever beam on the fixed bottom electrode. This causes saddle-node bifurcation called Pull-in, which limits beam travel range to one-third of the total range. The actuation voltage at which the beam loses its stability and enters the unstable region is Pull-in voltage. The pullin voltage acts similar to the threshold voltage and is thus required to be modelled in the circuit design.
The surface micromachining process for fabrication of MEMS cantilever introduces imperfections in the structure. Due to stress gradients, initial curling is observed in beam, which causes the change of equilibrium configuration and variation of system parameters such as pull-in voltage and resonant frequencies [12] . For reliable system operation, calibration of beam curling is required. Thus, electrical modelling of curling is required.
In this work, we have developed an accurate macro model using electrical equivalent circuit approach for electrostatically actuated MEMS cantilever for utilization in straight and curled beam configurations. To establish electromechanical coupling in the macro model, it is important to model the transduction factor. We present a method for the accurate determination of the transduction factor including the spring softening effect modelled using a spring softening capacitor. It can be used to simulate the mechanical behaviour of the MEMS cantilever beam under any electrical excitation in a circuit simulator. Equivalent circuit models for transducers [5] - [7] , [9] , [10] , [13] , [14] , Capacitive Micromachined Ultrasonic Transducers [15] have been developed, however efforts to electrically model MEMS cantilever are not reported much. The electrical model is able to uniquely evaluate the performance of the MEMS cantilever beam through its pull-in induced behaviour by predicting Pull-in voltage without the need for fitting.
The analytical derivation of Pull-in voltage for MEMS cantilever is done based on uniform pressure approximation of nonlinear electrostatic pressure and the mechanical force-deflection model for curled and straight beams. The analytical, experimental and circuit simulation results are in good agreement with each other. The macro model has also been verified for its operation with experimental and analytical values available in the literature and are found to be in agreement with its results.
The measurement of the total gap due to initial gap and offset deflection (due to curling) of the fabricated devices is done by Scanning Electron Microscope (SEM), which is then fed as input to equivalent circuit. The circuit simulation output well matches with the curled device characterization results. However, no fitting was used either in the model or in experiments for the purpose of comparison.
The rest of the paper is organized as follows. Section 2 deals with modelling aspects for partial distribution based electrostatically actuated MEMS cantilever namely beam stiffness, its macro model is developed in section 3. Section 4 deals with model parameter evaluation. This is followed by fabrication and electrical characterization of MEMS cantilever in section 5. Circuit simulation results are discussed in section 6 followed by model validation and discussion in section 7. Finally, we conclude in section 8.
II. CONVENTIONAL MECHANICAL MODELLING
The MEMS cantilever structure consists of two electrodes as depicted in Fig. 1(a) , where upper deformable plate of length L, width b and thickness t forms top electrode and fixed bottom plate of length L e and width b forms the bottom electrode. L a is the distance between anchor and bottom electrode. These two plates are electrically biased to develop an attractive electrostatic force. This force displaces the top electrode from its original position, thus causing a change in capacitance. Therefore, it is possible to change the displacement of the deformable plate through voltage control of the gap between two plates. Fig. 1(b) shows the mechanical model for electrostatic MEMS cantilever represented as spring-mass-dashpot assembly, for which m, c, k are mass of deformable electrode, damping co-efficient and spring constant respectively. It is driven by voltage source V developing electrostatic force F e . Let A be overlapping plate area, g the initial air gap, y is the tip deflection due to applied voltage and is permittivity in the gap.
The governing equation of motion (EOM) of lumped parameter model of MEMS cantilever beam subjected to electrostatic loading [9] is given as
where overdot represents derivative with respect to time. The electrostatic force developed is given [16] by
It is nonlinear and inversely proportional to the distance between the electrodes. When the deformable electrode deflects under the electrostatic force, the distance between them further reduces. F e becomes discontinuous at the point, where beam touches bottom electrode, as there is abrupt variation in derivative of capacitance. Thus, nonlinear behaviour extends from electrostatic forces to the electromechanical response of MEMS cantilever beam causing loss of stability and limitation in range of stable states.
So (1) becomes
Although closed-form of expression for the applied voltage and the resulting displacement cannot be obtained, a solution is possible by determining the intersection of nonlinear electrostatic force and mechanical restoring force.
It must be taken into consideration that electrostatic force is partially distributed over the free end of cantilever. Therefore, the beam spring constant i.e. stiffness needs to be derived. The stiffness expression is derived at the position of the maximum deflection y L of cantilever i.e. at its tip [18] . The stiffness k(Nm −1 ) is defined as fL e /y L , where f is distributed transverse load per unit length over partial length L e originating from the tip of the cantilever beam as shown in Fig. 2 . The moment of inertia, I (I = bt 3 12 ) and Young's modulus, E is constant over the whole length of beam. For wide beams
In order to develop the model, we construct a free body diagram with applied force, moment and reaction force acting on the beam.
Since there is partial load distribution, apart from the moment about anchor position, moment has to be determined separately in region with and without load. We determine the deflection y(x) and hence the stiffness by using linear Euler-Bernoulli differential equation and direct integration.
According to the Euler Bernoulli law [9] , bending moment along the length is proportional to change in curvature produced by applied load.
For small deflections [3] , ∂ 2 y
The bending moment expression for two different regions and displacement of the beam along its entire length is derived as given below:
For Region (0 < x < L a ):
We integrate (6) twice by considering appropriate boundary conditions, which yields
For Region (L a < x < L):
We integrate (9) twice and solve for appropriate boundary conditions, which yields
At x = L a , deflection y for portion AB and BC must be identical in order to secure continuous deflection curve at point B. Therefore, using x = L a and equating (7) and (10), we get,
The beam stiffness is expressed as
The static calculations of cantilever bending are used to define elements in the model.
III. MACRO MODEL
We utilise the equivalent circuit representation approach to build a macro model of the MEMS cantilever beam. The mechanical and electrical circuit equivalents [8] of cantilever are depicted in Fig. 3 . Mathematically, forced motion of cantilever can be expressed as
Electrical model : The above two models are analogous since both are second-order differential equations with constant coefficients. This is force-voltage analogy.
It allows efficient modelling of the interaction between the electrical and non-electrical components of the system and provides access to the prevailing set of tools for electrical circuits for advanced analyses.
The dynamical behaviour of these elements can be fully described in a single energy domain (e.g. mechanical). Other devices, such as electrostatic actuators, piezoelectric actuators, etc. are best characterized by models that span two or more energy domains. In such cases, multi-domain coupling (such as electromechanical, piezoelectric, etc.) needs to be considered [5] , [8] , which can be introduced in electrical circuit via controlled sources or transformer.
The electrical model for electrostatically actuated MEMS cantilever using through and across variables is given in Fig.4 . The mechanical part is represented on the right side with C m as beam compliance, L m as mass of beam and R m as damping [13] . The velocity is 'through' variable, whereas force is 'across' variable. The electrical part is on the left side where MEMS cantilever behaves like non-linear capacitor, C 1 in shunt with voltage source. The total instantaneous capacitance C 1 is voltage-dependent and comprises of static capacitance, C o and voltage-dependent terms. This capacitor's value depends on instantaneous beam displacement. Both parts are coupled by nonlinear dependent current source (G 2 ) on left and dependent voltage source (E 2 ) on right. E 2 represents electrostatic force F e developed with the application of bias voltage. A leakage resistor, R L models surface current effect and is placed on the electrical side. The surface leakage current flows due to the generation of electric field between the contact pads of cantilever and bottom electrode and increases with voltage. The spring softening of beam is a coupled field effect and is modelled mathematically as if it was a negative capacitance [18] by series capacitance, -C 1 referred to electrical side.
The spring softening effect can be understood from EOM by expanding (3) using Taylor series approximation about a nominal distance y 0 following method outlined in [19] . Simplifying and rearranging, we obtain
It is observed that electrostatic force modifies stiffness by acting against mechanical spring thus lowering the effective stiffness, k * leading to spring softening effect.
The transduction factor ( ) is expressed [7] as
From (15) and (16), effective stiffness in terms of transduction factor becomes
k * can then be modelled electrically as
The beam remains mechanically stable till k > k s , after which beam instability occurs causing pull-in. Implementing k * i.e. C eff in the circuit requires two capacitors in series on the mechanical side. On the mechanical side, −C 1 2 is a complex function of voltage but when referred to electrical side becomes -C 1 . Hence, k * i.e. C eff is implemented by keeping C m on mechanical and -C 1 on the electrical side.
The circuit operates as follows. With the application of voltage, capacitance increases. Meanwhile, dependent voltage source couples voltage from the electrical side with beam mechanics via its transduction factor developing electromechanical force. This initiates the current flow in the mechanical side. This current is coupled back to the electrical side via dependent current source. This brings the series negative capacitance, -C 1 into effect, which along with C m forms effective capacitance, C eff . C eff determines the mechanical stability of beam and nature of current flow. This makes the total circuit interdependent. At pull-in voltage, mechanical instability occurs indicated by high abrupt current flow.
In this section, we derive the expressions for lumped circuit components and transduction factor.
A. LUMPED PARAMETER ESTIMATION
The cantilever exerts a linear restoring force determined by its compliance modelled using capacitance, C m given as
Since 'through' variable is selected as velocity, the model inductance L m that conserves energy is mass of beam [7] given as
where ρ is density of beam material.
As can be seen from the electrical side, the MEMS cantilever behaves like a capacitor, which is a dynamic element whose value depends on instantaneous beam displacement and hence applied voltage [20] . Also, it depends on the initial curvature of beam induced due to residual stress from the fabrication process.
Let σ be initial offset deformation due to beam curvature. The total instantaneous capacitance consists of static component, voltage-dependent terms and curvature dependent terms and is of form
A sixth-order polynomial with coefficients a 0 , a 1 , a 2 , . . . , a 6 and b 0 , b 1 , b 2 ,. . . , b 6 is considered for better prediction of nonlinear behaviour. These coefficients are determined by performing coupled field analysis on finite element software COMSOL Multiphysics followed by polynomial fitting. The stationary analysis is performed and capacitance is extracted at each applied voltage and initial curvature through parametric sweep. The Capacitance-Voltage (C-V) curve is plotted as in fig. 5 . 
B. TRANSDUCTION FACTOR
The electromechanical coupling is modelled by dependent sources with as transduction factor. It is the ratio of electromechanical force generated in response to the voltage applied. The applied voltage, in this case, is not bias voltage since there is spring softening capacitance in series with it. The spring softening is coupled field effect, which cannot be ignored. Thus, the transduction factor with applied voltage, V 1 can be given as
The operation of electrostatically actuated MEMS cantilever is majorly capacitive. So, we simplify Fig. 4 in terms of purely capacitive elements and calculate the applied voltage V 1 from voltage division network formed because of spring softening capacitance -C 1 as
The factor F e V 1 is the ratio of electromechanical force generated to bias voltage, denoted as . This can be extracted from FEM simulator, COMSOL as it takes into consideration the coupled field effect of spring softening. We performed coupled field parametric analysis to get F e corresponding to each value of bias voltage. The voltage is swept in small step size to get a better accuracy.
can be calculated by taking the ratio of force difference between two successive analyses to voltage step size.
Substituting and rearranging (24) we get
The above quadratic equation is solved for positive roots to obtain . It is noted that is dependent on cantilever material, physical dimensions and applied voltage.
We compute and for fixed dimensions and compare them for each bias voltage. It is observed that rises rapidly and tends to become infinite as pull-in voltage is reached. However, from (25) , it is clear that at the pull-in voltage, has a finite maximum value given by
The final circuit is simulated in circuit simulation software SPICE.
IV. MODEL PARAMETER EVALUATION
This section deals with the derivation of closed-form model of pull-in voltage taking into consideration partial electrode effect, fringing field capacitance and curling phenomenon of beam. An approach based on nonlinear electrostatic pressure approximated by its linearized uniform counterpart and mechanical force-deflection model [19] is used for derivation.
As beam deflects, charge redistributes, which causes electrostatic force to increase non-uniformly. Also, for partial electrode configuration, only the free end of cantilever experiences electrostatic force. Remaining portion experiences force due to fringing capacitance effect, which is also small and non-uniform. As a result, the free end of the cantilever experiences more attractive force and electrostatic pressure compared to region near the fixed end as shown in Fig. 6 . The non-uniformity of electrostatic forces causes stiffness of cantilever to change introducing spring softening term, k s as given in (17) to form effective stiffness, k * . k s is expressed by taking into consideration the fringing field effect following the Meijs and Fokkemma model [21] and curling effect [22] as The last three terms takes into consideration the fringing field capacitance developed due to beam width, thickness and free end of beam.
The non-uniform electrostatic pressure, P electrostatic takes into account k s and is represented by its linearized uniform approximate model about zero deflection point [20] as
The geometric nonlinearity effect due to beam curvature has a substantial effect on actuation response of system only if the ratio of initial air-gap to beam length, g/L > 0.09 [11] . In the present analysis, we consider MEMS cantilever having g/L < 0.09.
So, neglecting nonlinear curvature effect, electrostatic pressure is given as
The expression for uniform pressure resulting in cantilever tip deflection is derived using load-deflection model as 
The pull-in elastic pressure can be evaluated from (30) as
Equating (31) and (32), The MEMS cantilever is fabricated and details of the fabrication process are described in the next section. The theoretical calculations for the fabricated beam properties given in Table 1 and Table 2 yield the values of mechanical spring constant as 0.625. The pull-in voltage of the straight and curled MEMS cantilever beam is calculated as 2.29V and 6.12V. 
V. FABRICATION AND CHARACTERIZATION
MEMS fabrication process involves three steps i.e. film deposition, lithography and etching. Employing surface micromachining technique, five-level lithography process flow is developed as shown in Fig. 7 to fabricate the MEMS cantilever [23] . The top view of fabricated MEMS cantilever after each processing level is shown in Fig. 8 . The process begins with deposition of SiO 2 as isolation layer on top of p-type <100> silicon wafer of high resistivity using thermal oxidation. The structural layers of cantilever and bottom electrode are deposited with Aluminium using thermal evaporation. The first level lithography and etching forms bottom electrode. Next, photoresist, which acts as a sacrificial layer is deposited by spin coater and patterned to form cavity for anchor pad. This is followed by Aluminium deposition and third-level patterning to fill the anchor cavity. Fourth level lithography is required to remove remnant photoresist from anchor. Aluminium deposition and 5 th level patterning is done for cantilever formation. Finally, cantilevers are released by stripping off sacrificial layer by dipping it in acetone and then desiccating it. The dimension of the fabricated device is given in Table 1 . Fig. 9 gives the SEM image of a top view of the fabricated cantilever device. Fig. 10 gives a side view of two set of cantilever devices. In fig. 10 (a) , straight cantilever beam can be observed with an initial gap of 0.8µm, whereas in fig. 10 (b) , MEMS cantilever is curled due to stress gradients developed during fabrication giving a total gap of 1.55µm. The fabricated devices are characterized with help of Electrical characterization system consisting of Karl Suss shielded probe station, Source Measurement Unit (SMU) and Keithley 4200 Semiconductor characterization system [24] for current-voltage (I-V) measurements to obtain the pull-in voltage as shown in Fig. 11 .
We took I-V measurements by applying ramp voltage from 0V to 10V between bottom electrode & top cantilever. For the set of straight cantilever beams, the current shoots up at voltage of 2.4V depicting switching phenomenon as shown in Fig. 11 (a) . This is specified as pull-in voltage. At this, the beam snaps, causing cantilever and bottom electrode to come in contact and hence, a set compliance value of current passes through the device. For device safety, compliance value is provided to prevent its breakdown.
For the set of curled cantilever beam, pull-in voltage is obtained at 6.08V as shown in fig. 11(b) .
Also, we observed that in Fig. 11 , till the pull-in voltage is reached, there is a rise in current from fA to pA, which is due to the surface leakage current effect as discussed earlier. The leakage resistance modelled in circuit is calculated using the experimental results.
VI. CIRCUIT SIMULATION RESULT
The circuit simulation software NGSPICE is used for the simulation of the developed equivalent electrical circuit. The capacitance and transduction factors are modelled using the analog behavioural modelling function, which enables specification of polynomial functions.
DC analysis is performed on the circuit model for analysing response of MEMS cantilever beam to ramp-function voltage signal. The ramp-up time of signal needs to be chosen in such a way that circuit response time to each applied voltage is satisfied. The simulations are performed with ramp-up time 40ms (same timestamp as used in characterization) for voltage range of 0-5V. The simulation results obtained for DC analyses are as shown in Fig. 12 (a) .
With voltage rise, electrostatic force and restoring force of cantilever comes into effect causing a rise in beam deflection, which results in the flow of current in the model. When restoring force dominates, cantilever shows stable deflection behaviour. This is portrayed by linear rise in current through transduction branch [I(-C 1 ) = I m ]. At pull-in point, the effect of electrostatic force becomes dominant leading to loss of mechanical stability of cantilever and causes it to touch the bottom electrode. This is depicted as an abrupt increase in current flow. The onset of pull-in instability is marked by a change in the slope of the I-V curve. This corresponds to pull-in voltage of around 2.35 V. Fig. 12 (b) gives the graph for I-V curve obtained when deformation due to curling is taken into consideration and put in (21) as per the measurements obtained from SEM images for fabricated device. It is observed that the pull-in voltage is around 6.05V, which matches with experimental and analytical results. Thus, methodology applied for lumped parameter estimation for development of the electrical equivalent circuit is capable to predict pull-in voltages for the curled beams also.
Comparing current flow of fig. 11 with fig. 12 , we obtain higher current range in case of circuit model. This is due to the reason that in case of fabricated cantilever, large current flows, when pull-in occurs and cantilever touches the bottom electrode, which is a short. Both the graphs are comparative in a way that they provide information about the onset of pull-in phenomenon by predicting pull-in voltage.
VII. MODEL DISCUSSION AND VALIDATION
The results of macro-model simulation and the theoretical model developed in this paper has been additionally validated with the other previously published theoretical and experimental results. The experimentally verified CoSolve FEA results [25] , wherein the authors used a Wentworth Labs probe station and an HP4145B Semiconductor Parametric Analyzer to measure the pull-in voltage of fabricated test structures with an accuracy of ± 100mV, was used as a benchmark for experimental comparison. The difference in the measured and CoSolve FEA result was reported to be 0.83%. Also, the 2D model presented in [25] , closed-form analytical model presented in [19] are included for comparison in Table 3 .
From Table 3 , it is evident that the results obtained from the developed model are in good agreement with the experimentally measured values. Table 4 shows the comparison of results of the present models with that of results published in [19] , [25] , and [26] for three more cases of different cantilever beam dimensions and material properties. It is observed that the pull-in voltages thus obtained are within 7% agreement with the previously compared models for both wide and narrow beams.
VIII. CONCLUSION
In this work, the macro model of electrostatically actuated MEMS cantilever beam is developed using the equivalent electrical circuit approach for design and analysis. Straight and curled cantilever beams are taken into consideration and lumped parameter estimation is done accordingly. The mechanical parameters are represented by electrical components. The transduction factor is analytically calculated considering coupled field effect. The model is then tested for system-level simulations and parameter evaluation. The results are verified with the analytical solution of governing equation and experimental results. The model accurately describes the pull-in phenomenon by predicting pull-in voltage. Thus, this macro model can be used for deploying MEMS cantilever in the circuits in the design flow of systems.
